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Wave propagation in an elastic lattice with nonreciprocal
stiffness and engineered dampinga)

Harshit Kumar Sandhu, Saurav Dutta, and Rajesh Chaunsalib)

Department of Aerospace Engineering, Indian Institute of Science, Bangalore 560012, India

ABSTRACT:
Nonreciprocal wave propagation allows for directional energy transport. In this work, wave dynamics

is systematically investigated in an elastic lattice that combines nonreciprocal stiffness with viscous damping. After

establishing how conventional damping counteracts the system’s gain, a non-dissipative form of nonreciprocal damp-

ing in the form of gyroscopic damping is introduced. It is found that the coexistence of nonreciprocal stiffness and

nonreciprocal damping results in a decoupled control mechanism. The nonreciprocal stiffness is shown to govern the

temporal amplification rate, whereas the nonreciprocal damper independently tunes the wave’s group velocity and

oscillation frequency. This decoupling gives rise to phenomena such as the enhancement of net amplification for

slower-propagating waves and also boundary-induced wave interference arising from divergent and convergent

reflected wave trajectories with varying growth rates. These findings provide a theoretical framework for designing

active metamaterials with more versatile control over their wave propagation characteristics.
VC 2026 Acoustical Society of America. https://doi.org/10.1121/10.0042349
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I. INTRODUCTION

The ability to control the flow of wave energy is a cen-

tral theme in physics and engineering. Systems that break

reciprocity—the symmetry of transmission between a source

and a receiver—enable unique wave phenomena and have

led to applications such as acoustic diodes, unidirectional

amplifiers, and robust vibration isolators (Nassar et al.,
2020). A common method to achieve nonreciprocity is to

engineer asymmetric couplings in a lattice, an idea rooted in

the Hatano-Nelson model (Hatano and Nelson, 1996, 1998).

This approach creates active systems in which waves are

amplified in one direction while being attenuated in the

opposite direction (Brandenbourger et al., 2019). More

recently, this concept has been placed within the broader

context of non-Hermitian topology (Shen et al., 2018; Yao
and Wang, 2018), which connects nonreciprocal couplings

to the non-Hermitian skin effect—the localization of bulk

modes at a system’s boundaries (Ding et al., 2022; Lin

et al., 2023).
The physical realization of these models often relies on

active feedback control, where sensors and actuators gener-

ate direction-dependent interaction forces. Such nonrecipro-

cal couplings have been demonstrated on various platforms,

including acoustic (Maddi et al., 2024; Zhang et al., 2021),
mechanical (Brandenbourger et al., 2019; Ghatak et al.,
2020; Wang et al., 2022), and electric lattices (Jana et al.,
2025; Liu et al., 2021). Because momentum is locally

injected by each element to amplify bulk waves in a

preferential direction, these lattices are distinct from

momentum-conserving “odd elastic” solids (Banerjee et al.,
2021; Chen et al., 2021; Gao et al., 2022; Scheibner et al.,
2020; Zhao et al., 2020).

Despite these advances, research has predominantly

focused on nonreciprocal stiffness, where interaction forces

are proportional to relative displacements (Brandenbourger

et al., 2019; Rosa and Ruzzene, 2020). In this context,

damping is generally treated as a parasitic effect that simply

counteracts the system’s gain. This perspective, however,

overlooks the possibility of engineering damping itself as a

functional tool for wave manipulation.

In this paper, we explore this possibility by introducing

a nonreciprocal damping mechanism into a lattice with non-

reciprocal stiffness. We demonstrate that this interplay gives

rise to a decoupled control mechanism. Specifically, we

show that the nonreciprocal stiffness governs the wave’s

temporal amplification rate, whereas the nonreciprocal

damping (gyroscopic damping; Carta et al., 2014) term

independently tunes its group velocity and oscillation fre-

quency. This decoupling offers a more versatile method for

controlling wave propagation in active media than is achiev-

able with nonreciprocal stiffness alone.

The paper is organized as follows. Section II reviews

the model with nonreciprocal stiffness and analyzes its inter-

action with conventional damping. In Sec. III, we introduce

a specialized, non-dissipative, nonreciprocal damper and

examine its isolated effect on wave propagation. The full

system, combining both types of nonreciprocity, is investi-

gated in Sec. IV, where we detail the decoupled control

mechanism and its consequence on tailoring the net amplifi-

cation. We further demonstrate boundary-induced wave

interference, showing how the interplay between stiffness

a)This paper is part of a special issue on Active and Tunable Acoustic

Metamaterials.
b)Email: rchaunsali@iisc.ac.in

978 J. Acoust. Soc. Am. 159 (2), February 2026 VC 2026 Acoustical Society of America

ARTICLE...................................

 19 February 2026 16:51:56

https://orcid.org/0000-0002-0631-0275
https://doi.org/10.1121/10.0042349
mailto:rchaunsali@iisc.ac.in
http://crossmark.crossref.org/dialog/?doi=10.1121/10.0042349&domain=pdf&date_stamp=2026-02-02


and damping asymmetries can be engineered to combine

frequency components. Finally, Sec. V summarizes our find-

ings and concludes the paper.

II. LATTICE WITH NONRECIPROCAL STIFFNESS

We consider a one-dimensional (1D) elastic lattice as

illustrated in Fig. 1(a). Each unit cell contains a point mass m,
attached to an onsite (ground) spring of stiffness kg, and cou-

pled to neighboring masses via nonreciprocal intersite springs.

The stiffness in the forward direction is kf ¼ kð1þ aÞ, and in

the backward direction, the stiffness is kb ¼ kð1� aÞ, where
a 2 ½�1; 1� quantifies the degree of nonreciprocity.

In Secs. II A–II C, we analyze wave propagation charac-

teristics in such lattices, beginning with the undamped case

and subsequently incorporating the effects of viscous

damping.

A. No damper

First, we revisit the lattice without any damper, which

has been addressed in several prior studies (Brandenbourger

et al., 2019). The equation of motion for the displacement

unðtÞ of the nth mass is given by

m€un þ ð2kþ kgÞun � kð1þ aÞun�1 � kð1� aÞunþ1 ¼ 0: (1)

To analyze wave propagation, we employ the Bloch-

Floquet ansatz unðtÞ ¼ ûeiðqn�xtÞ, where û is the amplitude,

q is the wavenumber, and x is the angular frequency.

Substituting into the equation of motion yields the disper-

sion relation

xðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m
kg þ 2kð1� cos qÞ þ 2ika sin q
� �r

: (2)

For a 6¼ 0, the dispersion relation yields complex-

valued x for real q. This implies temporal oscillations, cap-

tured by Re½xðqÞ�, and temporal growth or decay, governed

by Im½xðqÞ�. The real and imaginary components can be

expressed as

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
cos

hðqÞ
2

� �
; (3)

Im xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
sin

hðqÞ
2

� �
; (4)

where the auxiliary quantities are defined as

r
�
qÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðqÞ2 þ BðqÞ2

q
; h

�
qÞ ¼ atan2 BðqÞ;AðqÞð Þ;

A qð Þ ¼ 1

m
kg þ 2kð1� cos qÞ� �

; B qð Þ ¼ 2kasin q
m

:

Figures 1(b) and 1(c) show, respectively, the real and

imaginary parts of the dispersion relation for a ¼ 0:1, along-
side the reciprocal case (a ¼ 0) for comparison (we choose

k ¼ 180 and kg ¼ 120 as representative values for all simula-

tions as they clearly illustrate the phenomena and also yield

operating frequencies on the same order of magnitude as in

recent experiments; Brandenbourger et al., 2019). The real

part, Re½xðqÞ�, exhibits negligible variation, whereas the imag-

inary part, Im½xðqÞ�, reveals significant nonreciprocal behav-
ior: attenuation for q < 0 and amplification for q > 0. These

behaviors become clearer in the small-a limit, where the

dispersion relation admits the following approximations:

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffiffi
AðqÞ

p
þ k2a2 sin2q

2m2AðqÞ3=2
þOða3Þ; (5)

Im xðqÞ½ � ¼ ka sin q

m
ffiffiffiffiffiffiffiffiffiffi
AðqÞp þOða3Þ: (6)

These expressions reveal that the leading-order correction

appears exclusively in the imaginary part of the complex

frequency, Im½xðqÞ�. Consequently, this term has a domi-

nant effect on the temporal amplification or decay of the

wave, whereas the corresponding correction to the real part

of the frequency is of a higher order. It is noteworthy that

this formulation results in an increase in the oscillation fre-

quency for positive and negative values of a. This behavior
contrasts with the findings of Rosa and Ruzzene (2020), in

which a different stiffness definition [kf ¼ kð1� aÞ and

FIG. 1. Wave propagation in a 1D lattice with nonreciprocal stiffness. (a)

Schematic of the lattice with asymmetric intersite springs characterized by

forward and backward stiffnesses kf ¼ kð1þ aÞ and kb ¼ kð1� aÞ, (b), (c)
real and imaginary parts of the complex dispersion relation xðqÞ for asym-

metry parameter a ¼ 0 and a ¼ 0:1, and (d), (e) parametric maps of group

velocity and decay/growth rate signs as functions of wavenumber q and

asymmetry a, highlighting directional energy transport in the absence of

damping, are displayed. We take intersite stiffness k ¼ 180, onsite stiffness

kg ¼ 120, and mass m ¼ 1 in these calculations.
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kb ¼ k] was employed. Their definition leads to a decrease
in frequency for positive a and an increase in frequency for

negative a.
We also observe that Re½xðqÞ� is symmetric about

q ¼ 0 while Im½xðqÞ� is antisymmetric. This property holds

for all values of a as rðqÞ is an even function and hðqÞ is an
odd function of q, thereby imparting the observed symmetry

properties to the dispersion relations in Eqs. (3) and (4).

These observations imply that a wave packet centered

at a particular frequency will travel symmetrically in both

directions with identical group velocities, given by

ðd=dqÞRe½xðqÞ�, while undergoing asymmetric amplifica-

tion or decay. Figures 1(d) and 1(e) present parametric plots

showing, respectively, the sign of the group velocity and

amplification/decay rates as functions of a. The group veloc-
ity maintains its sign across all values of a with zeros at

q ¼ 0;6p. The growth/decay map indicates that amplifica-

tion occurs when a and q share the same sign. Reversing the

sign of a reverses the direction of amplification.

Next, we perform numerical simulations and verify the

nonreciprocal wave propagation in a finite lattice setting

depicted in Fig. 2. We take a 200-particle chain with fixed

boundary conditions and provide an initial condition in the

middle of the chain in the form of a Gaussian-modulated

wave packet centered at jq�j ¼ 0:6p, corresponding to a

temporal growth [marked in Fig. 1(c)]. The prescribed initial

displacement (with vanishing velocity) of the nth particle is

given by

unð0Þ ¼ exp �ðn� n0Þ2
2r2n

" #
cosðq�ðn� n0ÞÞ;

where n0 ¼ 100 is the center of the excitation, and rn ¼ 12

is the envelope width.

Figure 2(a) shows the space-time evolution of the

normalized displacement field, unðtÞ=jjunðtÞjj1;n, where

jjunðtÞjj1;n ¼ maxnjunðtÞj denotes the spatial maximum of

the displacement magnitude at time t. An initial wave packet

splits into two components traveling in opposite directions

with the same group velocity. However, only the forward-

propagating component is amplified, a clear signature of the

system’s nonreciprocal behavior. The group velocity mea-

sured from the slope of the forward-propagating wavefront

is vg � 7:184, which is in close agreement with the slope

calculated from the dispersion relation shown in Fig. 1(b).

To quantify the one-way amplification, in Fig. 2(b), we

show the temporal evolution of log ðkunðtÞk1;nÞ. The enve-

lope of this logarithmic signal exhibits a linear trend, indi-

cating exponential growth in the underlying displacement. A

linear fit to the data yields a slope of approximately 0.71,

representing the growth rate. This value closely matches

the imaginary part of the complex dispersion relation,

Im½xðq�Þ� � 0:70, displayed in Fig. 1(c).

Figure 2(c) shows the velocity time series for particles

at positions n ¼ 130 and n ¼ 160, which are downstream

from the excitation point. Both signals exhibit clear tempo-

ral amplification. The corresponding frequency spectra, pre-

sented in Fig. 2(d), reveal a spectral peak at x � 24:38. This
value is consistent with the oscillation frequency, Re½xðq�Þ�
from Fig. 1(b), which corresponds to the central frequency

of our narrow-bandwidth Gaussian packet.

In contrast, the velocity signals from upstream positions

(n ¼ 70 and n ¼ 40), plotted in Fig. 2(e), show significant

decay over time. The associated frequency spectra in

Fig. 2(f) contain the same spectral peak, but its amplitude is

substantially reduced. This confirms that while the initial

disturbance propagates in both directions, nonreciprocity

leads to strong wave amplification in the forward

(downstream) direction and attenuation in the backward

(upstream) direction.

It is interesting to note in Figs. 2(c) and 2(e) that the

peak of the Gaussian time history occurs at different time

instances even though the observation points are located

spatially symmetrically (e.g., equidistant upstream and

downstream) from the initial excitation. This phenomenon is

a specific feature of non-Hermitian systems governed by a

complex dispersion relation.

For a narrow-bandwidth Gaussian wave packet with

spatial variance rn, the trajectory of the spatial peak,

FIG. 2. Finite-chain simulations of wave propagation and directional ampli-

fication in a lattice with nonreciprocal stiffness. (a) Space–time evolution of

the space-normalized displacement field, unðtÞ=jjunðtÞjj1;n, in a 200-particle

lattice with fixed boundaries shows selective amplification in the forward

direction. The wavefront travels with group velocity vg � 7:184. (b)

Logarithmic plot of the instantaneous global maximum of the lattice dis-

placement field, with a linear fit yielding a slope of 0.71, is shown. (c), (d)

Velocity responses and corresponding spectral amplitudes at downstream

sites (n ¼ 130; 160) highlight energy amplification and a spectral peak near

x � 24:38 rad=s. (e), (f) Upstream sites (n ¼ 70; 40) exhibit strong attenua-
tion in time and frequency domains, confirming unidirectional energy trans-

port enabled by nonreciprocal stiffness.
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npeakðtÞ, is determined solely by the real part of the group

velocity (see the Appendix for derivation)

npeakðtÞ ¼ n0 þ vg t; (7)

where vg ¼ Re½x0ðq�Þ� denotes the standard group velocity

evaluated at the carrier wavenumber q�.
However, the evolution of the temporal peak,

tpeakðnÞ—which corresponds to the maximum signal

recorded by a stationary observer—depends on the real and

imaginary components of the dispersion. As derived in the

Appendix, this relationship is given by

tpeakðnÞ ¼ ðn� n0Þ
veffg

þ tint 6¼ ðn� n0Þ
vg

; (8)

where the effective velocity is veffg ¼ Re½x0� � ðIm½x0�Þ2=
Re½x0�, and the intercept term is defined as

tint ¼ r2n Im xðq�Þ½ �
ðRe x0ðq�Þ½ �Þ2 � ðIm x0ðq�Þ½ �Þ2 : (9)

Consequently, in a system with asymmetric complex disper-

sion, the forward- and backward-propagating packets may

share the same group velocity, veffg , but possess different

temporal intercepts due to different growth rates, Im½xðq�Þ�.
For instance, as illustrated in Fig. 1(c), the forward-

propagating wave (positive q�) exhibits a positive growth

rate (Im½x� > 0), which dictates a positive temporal inter-

cept tint > 0. Conversely, the backward-propagating wave

(negative q�) is subject to attenuation (Im½x� < 0), leading

to a negative intercept (tint < 0). This difference, as visual-

ized in Fig. 3(a), causes the temporal peaks at spatially sym-

metric locations to occur at different times. This behavior is

verified further in Fig. 3(b), which plots the spatiotemporal

map with time histories at each site normalized by their

respective temporal peak displacement.

To avoid ambiguity between amplification and arrival

times, hereafter we will focus on spatiotemporal maps,

showing the spatially normalized wave-packet evolution.

This approach isolates the transport characteristics, allowing

us to relate the wave dynamics directly to the real group

velocity vg.
Thus far, we have focused on systems with only elastic

nonreciprocity. We now examine how the introduction of

viscous damping influences this behavior. The simplest

approach is to incorporate a damper in two ways: (i) onsite

damping, which acts on the velocity of individual particles;

and (ii) intersite damping, which depends on the relative

velocity between neighboring particles. We discuss these

cases sequentially in Secs. II B and II C.

B. Onsite damper

We now incorporate onsite damping into the lattice

model, characterized by the damping coefficient cg, as

shown in Fig. 4(a). The equation of motion becomes

m€un þ cg _un þ ð2k þ kgÞun � kð1þ aÞun�1

� kð1� aÞunþ1 ¼ 0: (10)

FIG. 3. Distinct trajectories of spatial and temporal peaks in a 1D finite lat-

tice with nonreciprocal stiffness. (a) Analytical trajectories of the Gaussian

envelope maxima compare the instantaneous spatial peaks npeakðtÞ (dots

and circles) and temporal peaks tpeakðnÞ (solid lines). Whereas the forward

and backward tpeakðnÞ branches share the same slope (indicating equal

effective group velocity), they exhibit distinct temporal intercepts at the

source n ¼ n0, as highlighted in the inset. (b) Spatiotemporal evolution

of the displacement field is normalized by the local temporal maximum,

unðtÞ=jjunðtÞjj1;t. The wavefronts propagate with equal speeds but project

to unequal origin times, visually confirming the positive and negative inter-

cepts predicted in (a).

FIG. 4. Wave propagation in a 1D lattice with nonreciprocal stiffness and

onsite damping. (a) Schematic of the lattice with asymmetric intersite

springs and onsite viscous dampers; (b), (c) real and imaginary parts of the

complex dispersion relation xðqÞ for asymmetry parameters a ¼ 0 and

a ¼ 0:1; and (d), (e) parametric maps showing the signs of group velocity

and temporal growth/decay rate as functions of q and a are displayed. We

take onsite damping cg ¼ 0:2. Other parameters are the same as those in

Fig. 1.
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Applying the Bloch-Floquet ansatz yields the following dis-

persion relation:

x2 þ i
cg
m
x� 1

m
kg þ 2kð1� cos qÞ þ 2ika sin q
� �¼ 0: (11)

Solving this quadratic equation for xðqÞ, we obtain

xðqÞ ¼ �i
cg
2m

þ
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
eihðqÞ=2: (12)

We select the root with the positive sign to ensure a positive

oscillation frequency, corresponding to forward time evolu-

tion. Accordingly, the real and imaginary parts are given,

respectively, by

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
cos

hðqÞ
2

� �
; (13)

Im xðqÞ½ � ¼ � cg
2m

þ
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
sin

hðqÞ
2

� �
; (14)

where

rðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðqÞ2 þ BðqÞ2

q
; hðqÞ ¼ atan2 BðqÞ;AðqÞð Þ;

A qð Þ ¼ � cg
2m

� �2

þ 1

m
kg þ 2kð1� cos qÞ� �

;

B qð Þ ¼ 2kasin q
m

:

The dispersion relation for this system is plotted in

Figs. 4(b) and 4(c). For small nonreciprocity [a � Oð�Þ] and
damping [cg � Oð�Þ], the dispersion relation can be approx-

imated by

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p
þ k2a2 sin2q

2m2A0ðqÞ3=2

� c2g

8m2
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p þOð�3Þ; (15)

Im xðqÞ½ � ¼ ka sin q

m
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p � cg
2m

þOð�3Þ; (16)

where A0ðqÞ ¼ ð1=mÞ½kg þ 2kð1� cos qÞ�. In contrast to the

case with no damper, the imaginary part of the frequency is

uniformly reduced by cg=ð2mÞ without any dependency on

q, as observed in Fig. 4(c). Furthermore, the higher-order

correction to the real part is now negative, causing a

decrease in the oscillation frequency, which is opposite of

the behavior without a damper. Although Re½xðqÞ� remains

a symmetric function of q, the constant negative shift ren-

ders Im½xðqÞ� asymmetric.

The parametric plots in Figs. 4(d) and 4(e) illustrate the

interplay between nonreciprocity and damping. Whereas the

sign of group velocity is largely unchanged, the boundaries in

the growth/decay map are significantly altered, leading to a

reduction in the parameter space for amplification. A notable

feature is the existence of traveling waves fIm½xðqÞ� ¼ 0g at

wavenumbers away from q ¼ 0 and q ¼ 6p. By setting

Eq. (16) to zero in the long-wavelength limit (q ! 0), we can

find the condition for these waves

aq � cg
2k

ffiffiffiffiffi
kg
m

r
: (17)

This hyperbolic relationship between a and q for neutrally

stable traveling waves can be verified by the boundary line

separating the gain and decay regions near the origin in

Fig. 4(e).

We now examine the effect of onsite damping on the

wave dynamics of a finite lattice with the results presented

in Fig. 5. The initial perturbation is a spatially localized

Gaussian displacement near the center of the lattice, which

is identical to the undamped case. Although forward- and

backward-propagating waves are observed, their amplitudes

evolve differently as a result of the interplay between nonre-

ciprocal stiffness and damping.

Figure 5(a) shows unidirectional wave propagation with

a forward group velocity of vg � 7:18, indicating that a

small onsite damping does not significantly alter the wave

FIG. 5. Finite-chain simulations of wave propagation and directional ampli-

fication in a lattice with nonreciprocal stiffness and onsite damping. (a)

Space–time evolution of the space-normalized displacement field show

amplification in the forward-propagating wave packet with measured group

velocity vg � 7:184. (b) Logarithmic plot of the instantaneous global maxi-

mum, where a linear fit yields a slope of 0.61, indicating a reduced temporal

growth rate due to the presence of onsite damping, is depicted. (c), (d)

Velocity responses and corresponding spectral amplitudes at downstream

sites (n ¼ 130; 160) confirm energy amplification and peak excitation near

x � 24:38. (e), (f) Upstream sites (n ¼ 70; 40) show significant attenuation

in time and frequency domains, affirming unidirectional energy transport.
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speed. From Fig. 5(b), we measure a growth rate of 0.61,

which confirms that the amplification persists, albeit at a

reduced rate. The growth of velocity amplitudes at a down-

stream location, depicted in Figs. 5(c) and 5(d), further con-

firms this unidirectional amplification. This effect is weaker

than that in the undamped case; however, the spectral peak

at x � 24:38 remains largely unaffected. Conversely, the

backward-propagating signal depicted in Figs. 5(e) and 5(f)

is more strongly attenuated than its undamped counterpart,

whereas its peak frequency is unchanged.

Overall, these findings demonstrate that the nonrecipro-

cal amplification mechanism and its kinematic signatures

survive in the presence of a small onsite damping.

C. Intersite damper

We now introduce intersite damping into the lattice

model, characterized by the damping coefficient c, as shown
in Fig. 6(a). The equation of motion becomes

m€un þ cð2 _un � _un�1 � _unþ1Þ þ ð2k þ kgÞun
� kð1þ aÞun�1 � kð1� aÞunþ1 ¼ 0: (18)

Applying the Bloch-Floquet ansatz yields the dispersion

relation

x2 þ i
2cð1� cos qÞ

m
x� 1

m

�
kg þ 2kð1� cos qÞ

þ 2ika sin q
� ¼ 0: (19)

Solving this quadratic equation for xðqÞ, we obtain

xðqÞ ¼ �i
cð1� cos qÞ

m
þ

ffiffiffiffiffiffiffiffiffi
rðqÞ

p
eihðqÞ=2: (20)

We select the root with the positive sign to ensure a positive

oscillation frequency, corresponding to forward time evolu-

tion. Accordingly, the real and imaginary parts, respectively,

are given by

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
cos

hðqÞ
2

� �
; (21)

Im xðqÞ½ � ¼ � c

m
ð1� cos qÞ þ

ffiffiffiffiffiffiffiffiffi
rðqÞ

p
sin

hðqÞ
2

� �
; (22)

where

rðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðqÞ2 þ BðqÞ2

q
; hðqÞ ¼ atan2 BðqÞ;AðqÞð Þ;

A qð Þ ¼ 1

m
kg þ 2kð1� cos qÞ� �� c2

m2
ð1� cos qÞ2;

B qð Þ ¼ 2ka
m

sin q:

The dispersion relation for this system is plotted in Figs. 6

(b) and 6(c). For small nonreciprocity [a � Oð�Þ] and

damping [c � Oð�Þ], we approximate the dispersion rela-

tion as

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p
þ k2a2 sin2q

2m2A0ðqÞ3=2

� c2ð1� cos qÞ2
2m2

ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p þOð�3Þ; (23)

Im xðqÞ½ � ¼ ka sin q

m
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p � cð1� cos qÞ
m

þOð�3Þ: (24)

where A0ðqÞ ¼ ð1=mÞ½kg þ 2kð1� cos qÞ�. In contrast to the

uniform decrease in frequency for the onsite case in Sec. IIB,

the imaginary part of the frequency in the intersite case is

reduced by a wavenumber-dependent term, cð1� cos qÞ=m.
As shown in Fig. 6(c), this damping effect is zero at q ¼ 0 and

maximal at the edge of the Brillouin zone (q ¼ 6p).
The higher-order correction to Re½xðqÞ� caused by damping

is again negative, which is similar to the onsite case.

Nevertheless, Re½xðqÞ� still remains a symmetric function of

q. However, the q-dependent shift results in a distinct asym-

metric profile for Im½xðqÞ�.
We show the parametric plots in Figs. 6(d) and 6(e).

Although the group velocity characteristics remain largely

unchanged, the boundaries separating gain and decay are quali-

tatively different from the onsite case. Notably, attenuation is

now more pronounced near q ¼ 6p. Consequently, the

FIG. 6. Wave propagation in a 1D lattice with nonreciprocal stiffness and

intersite damping. (a) Schematic of the lattice featuring direction-dependent

springs and intersite viscous dampers, (b), (c) real and imaginary parts of

the complex dispersion relation xðqÞ for a ¼ 0 and a ¼ 0:1, (d), (e) para-
metric plots of the signs of group velocity and decay/growth rate as func-

tions of q and a are shown. We take c ¼ 0:2 and keep other parameters the

same as those in Fig. 1.
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condition for neutrally stable traveling waves (Im½x� ¼ 0) is

reshaped. By setting the imaginary part of the frequency from

our approximation to zero in the long-wavelength limit

(q ! 0), we find this condition to be

a � c

2k

ffiffiffiffiffi
kg
m

r !
q: (25)

This linear relationship between a and q, in sharp contrast to

the hyperbolic condition found for the onsite damper, can be

verified by the boundary line near the origin in Fig. 6(e).

Next, we examine the effect of intersite damping on the

wave dynamics of the finite lattice. The results, presented in

Fig. 7, show that unidirectional amplification of a wave

packet is preserved, which is similar to the case with onsite

damping. Whereas the group velocity is comparable, the

amplification rate differs significantly. This is consistent

with the asymmetry observed in the imaginary part of the

frequency, ImðxÞ, as depicted in the dispersion diagram

[Fig. 6(c)]. These findings demonstrate that the nonrecipro-

cal amplification mechanism survives in the presence of a

small intersite damping, although the growth rate altered

differently than for that onsite damping.

To summarize, we have investigated the role of damp-

ing in a lattice with nonreciprocal stiffness by considering

three representative cases: no damping, onsite damping, and

intersite damping. The effect of onsite damping is indepen-

dent of the wavenumber q. As observed from Eq. (16), it

contributes a constant term of �cg=2m to ImðxÞ, leading to

uniform attenuation of all modes. In contrast, intersite

damping introduces a wavenumber-dependent term of the

form �cð1� cos qÞ=m [see Eq. (24)]. This variation produ-

ces selective attenuation across the Brillouin zone, modify-

ing the growth and decay rates nonuniformly.

In Sec. III, we shift our focus to a distinct configuration,

involving a reciprocal elastic lattice equipped with a nonre-

ciprocal intersite damper. This setup reverses the roles of

stiffness and damping in imparting nonreciprocity, allowing

us to isolate and study the wave manipulation capabilities

arising purely from dissipative asymmetry.

III. LATTICE WITH NONRECIPROCAL DAMPING

This section considers a system with reciprocal stiffness

(a ¼ 0) and nonreciprocal intersite damping as shown in

Fig. 8(a). The damping in the forward direction is taken to

be cf ¼ cð1þ bÞ, whereas in the backward direction, it is

cb ¼ cð1� bÞ, where b 2 ½�1; 1�. The governing equation

of motion for this model, ignoring onsite damping, is

m€un þ cð2 _un � ð1þ bÞ _un�1 � ð1� bÞ _unþ1Þ
þ ð2k þ kgÞun � kðun�1 þ unþ1Þ ¼ 0: (26)

FIG. 7. Finite-chain simulations of wave propagation and directional ampli-

fication in a lattice with nonreciprocal stiffness and intersite damping. (a)

Space–time evolution of the space-normalized displacement field shows

rightward amplification of the wave packet. The measured group velocity

vg � 7:249 agrees with the theoretical prediction. (b) Logarithmic plot of

the instantaneous global maximum of the displacement field, with a linear

fit shows a slope of 0.45, in close agreement with the analytical growth rate.

(c), (d) Velocity profiles and corresponding spectra at downstream sites

(n ¼ 130; 160) confirm energy amplification at the peak frequency

x � 24:38. (e), (f) Upstream responses at (n ¼ 70; 40) show strong attenua-

tion in time and frequency domains.

FIG. 8. Wave propagation in a 1D lattice with nonreciprocal damping. (a)

Schematic of the spring–mass chain with direction-dependent damping

coefficients cf ¼ cð1þ bÞ and cb ¼ cð1� bÞ, along with reciprocal inter-

site stiffness k and onsite stiffness kg; and (b) real and (c) imaginary parts of

the dispersion relation xðqÞ for reciprocal (b ¼ 0) and nonreciprocal

(b ¼ 0:2) cases are shown. The real and imaginary parts exhibit asymmetry.

The imaginary part is predominantly negative, indicating dissipation. We

take c ¼ 7:5 and keep other parameters identical to those in the reciprocal

case.
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The resulting dispersion relation can be expressed as

xðqÞ ¼ cb
m

sin q� i
cð1� cos qÞ

m
þ

ffiffiffiffiffiffiffiffiffi
rðqÞ

p
eihðqÞ=2: (27)

The real and imaginary parts, respectively, are given by

Re xðqÞ½ � ¼ cb
m

sin qþ
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
cos

hðqÞ
2

� �
; (28)

Im xðqÞ½ � ¼ � c

m
ð1� cos qÞ þ

ffiffiffiffiffiffiffiffiffi
rðqÞ

p
sin

hðqÞ
2

� �
; (29)

where

r
�
qÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðqÞ2 þ BðqÞ2

q
; h

�
qÞ ¼ atan2 BðqÞ;AðqÞð Þ;

A qð Þ ¼ 1

m
kg þ 2kð1� cos qÞ� �

þ c2b2

m2
sin2q� c2

m2
ð1� cos qÞ2;

B qð Þ ¼ � 2c2b
m2

sin q 1� cos qð Þ:

These results reveal a different nonreciprocal mechanism

compared to the case of nonreciprocal springs. The presence

of the term proportional to sin q in Eq. (28) makes the oscil-

lation frequency Re½xðqÞ� also asymmetric with respect to

q ¼ 0. This spectral asymmetry implies that forward- and

backward-propagating waves (at wavenumbers 6q) are

characterized by distinct oscillation frequencies and group

velocities. Moreover, the imaginary component Im½xðqÞ�
also acquires an asymmetric profile for nonzero b, as illus-
trated in the dispersion curves in Figs. 8(b) and 8(c). This

indicates that the nonreciprocity parameter b simultaneously

dictates the wave kinematics (speed/frequency) and tempo-

ral envelope evolution (growth/decay rates).

Although this general model demonstrates the broad

impact of nonreciprocal damping, it highlights a limita-

tion regarding control: b introduces asymmetry in the real

and imaginary dispersion curves concurrently. This cou-

pling prevents the independent manipulation of signal

timing (velocity) and signal magnitude (dissipation/gain).

To isolate the kinematic nonreciprocity from the dissipa-

tive effects, next, we examine a specialized form of non-

reciprocal damping, which is inspired by gyroscopic

mechanics.

A. Special nonreciprocal damping: Gyroscopic
damping

We define a special nonreciprocal damper that leads to

purely oscillatory dynamics. As depicted in Fig. 9(a), this cor-

responds to an effective damping of cb in the forward direction

and �cb in the backward direction. This is akin to gyroscopic

damping that is not dissipative (Attarzadeh et al., 2019; Baz,
2020; Carta et al., 2014; Wang et al., 2015). This construction
isolates the nonreciprocal behavior from the net dissipation

inherent in standard intersite damping. In addition, this special

case will be combined later with nonreciprocal stiffness to

explore novel wave dynamics.

The governing equation of motion for a lattice with this

gyroscopic damper is

m€un þ cbð _unþ1 � _un�1Þ þ ð2k þ kgÞun
� kðun�1 þ unþ1Þ ¼ 0; (30)

and the associated dispersion relation is

xðqÞ ¼ cb
m

sin qþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2b2

m2
sin2qþ 1

m
kg þ 2kð1� cos qÞ� �s

:

(31)

The dispersion relation in Eq. (31) has two key features.

First, the term sin q breaks the symmetry, xðqÞ 6¼ xð�qÞ.
Second, the frequency xðqÞ is purely real for all q, indicat-
ing that the system is free of any dissipation. This frequency

asymmetry is illustrated in Fig. 9(b).

Consequently, the group velocity loses its symmetry

as well. Figure 9(c) shows a parametric plot, demonstrat-

ing that in contrast to the case of nonreciprocal stiffness,

points of zero group velocity can emerge at wavenumbers

other than q ¼ 0 or q ¼ 6p. Interestingly, a similar obser-

vation is made related to the modification of Brillouin

zone boundaries in a physically distinct system of a trans-

lating elastic rod (Al Ba’ba’a, 2023). In that work, a

momentum bias introduces a velocity-dependent coupling

term in the discrete framework, which is mathematically

analogous to the gyroscopic damping that is presented in

our study.

FIG. 9. Wave propagation in a 1D lattice with a gyroscopic damper. (a)

Schematic of the lattice features gyroscopic damping, implemented via for-

ward and backward dashpots with cf ¼ cb and cb ¼ �cb, alongside recip-

rocal intersite stiffness k and onsite stiffness kg. (b) Purely real dispersion

relation xðqÞ for b ¼ 0 and b ¼ 0:2 are displayed. (c) Parametric plot

shows the sign of the group velocity as a function of wavenumber q and

damping asymmetry parameter b, revealing directional bias induced by the

nonreciprocal damping configuration. We take c ¼ 7:5 and keep other

parameters the same.
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In the limit of weak nonreciprocity (b), Eq. (31) can be

approximated as

xðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p
þ cb

m
sin qþOðb2Þ; (32)

where A0ðqÞ ¼ ð1=mÞ½kg þ 2kð1� cos qÞ�. From this

approximate form, we can determine the condition for zero

group velocity in the long-wavelength limit (q ! 0). The

locus of points where vgðqÞ ¼ 0 is given by

b � �
ffiffiffiffi
m

p
k

c
ffiffiffiffiffi
kg

p q: (33)

This linear relationship is consistent with the region near the

origin in the parametric plot shown in Fig. 9(c).

We numerically investigate the effect of the gyro-

scopic damper in a finite lattice, and the results are pre-

sented in Fig. 10. The lattice is excited by a spatially

localized Gaussian displacement near its center. The

spatiotemporal evolution of the displacement field,

unðtÞ, reveals that the initial wave packet splits into for-

ward- and backward-propagating components [Fig. 10

(a)]. However, these components now propagate with

different group velocities, where the backward-

propagating wave is traveling faster than the forward-

propagating wave.

As predicted by the purely real dispersion relation

[Eq. (31)], the system is stable and exhibits no exponen-

tial growth or decay. This stability is corroborated by the

global displacement norm, which remains bounded

throughout the simulation [Fig. 10(b)]. The velocity time

series at two symmetric probe locations (n ¼ 40 and

n ¼ 160), depicted in Fig. 10(c), confirms the different

arrival times and shows that the wave packets maintain

comparable amplitudes. A key finding is the emergence of

spectral asymmetry: the velocity spectra in Fig. 10(d)

reveal distinct peak frequencies for the forward-

propagating (x � 25:75) and backward-propagating

(x � 23:00) waves. This direction-dependent offset in

frequency is a direct consequence of the asymmetric dis-

persion displayed in Fig. 9(b).

These finite-lattice simulations, therefore, confirm that

this gyroscopic damper introduces direction-dependent

group velocities and offset in frequency without inducing

exponential amplification or attenuation.

We now advance to studying a lattice system in

which nonreciprocal stiffness and gyroscopic damping act

simultaneously. Sections II A–II C highlighted how each

mechanism individually breaks reciprocity—nonrecipro-

cal stiffness enabled directional amplification via com-

plex frequencies, whereas the gyroscopic damper induced

frequency asymmetry without introducing net gain or

loss. Their combined action is expected to produce richer,

more intricate wave dynamics, shaped by directional

amplification and asymmetric group velocities. In Sec.

IV, we investigate this interplay and its implications on

dispersion, enhanced directional decay or growth, and

wave transport in the lattice.

IV. LATTICE WITH COMBINED NONRECIPROCAL
STIFFNESS AND DAMPING

We now analyze a system that combines nonrecipro-

cal intersite stiffness (governed by a) with a gyroscopic

damper (governed by b). As illustrated in Fig. 11(a), each

mass in the lattice is connected to its neighbors via asym-

metric springs with kf ¼ kð1þ aÞ, kb ¼ kð1� aÞ, and non-

reciprocal dampers with cf ¼ cb, cb ¼ �cb. Additionally,
onsite stiffness kg and damping cg anchor each mass to

ground.

The governing equation of motion for the nth mass in

the lattice reads

m€un þ cg _un þ cbð _unþ1 � _un�1Þ þ ð2k þ kgÞun
� kð1þ aÞun�1 � kð1� aÞunþ1 ¼ 0: (34)

The corresponding characteristic equation yields the exact

dispersion relation

xðqÞ ¼ �i
cg
2m

þ cb
m

sin qþ
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
eihðqÞ=2; (35)

with the real and imaginary parts, respectively, given by

Re xðqÞ½ � ¼ cb
m

sin qþ
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
cos

hðqÞ
2

� �
; (36)

Im xðqÞ½ � ¼ � cg
2m

þ
ffiffiffiffiffiffiffiffiffi
rðqÞ

p
sin

hðqÞ
2

� �
; (37)

FIG. 10. Finite-chain simulations of wave dynamics in a 1D lattice with

gyroscopic damping. (a) Space-time colormap of the displacement field

unðtÞ in a 200-particle finite lattice with fixed boundaries, illustrates sym-

metric wave amplitudes but asymmetric propagation speeds for left- and

right-traveling wave packets. (b) Time evolution of the instantaneous global

maximum shows no net amplification or decay. (c), (d) Velocity responses

and their spectral amplitudes at sites n ¼ 40 and 160 reveal the coexistence

of two wave components with distinct group velocities, corresponding to

slightly different peak frequencies (x � 23:00 and x � 25:75).
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where

rðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðqÞ2 þ BðqÞ2

q
; hðqÞ ¼ atan2 BðqÞ;AðqÞð Þ;

A qð Þ ¼ 1

m
kg þ 2kð1� cos qÞ� �þ c2b2

m2
sin2q� c2g

4m2
;

B qð Þ ¼ 2ka
m

sin q� cgcbsin q

m2
:

For small values of a, b, and cg [i.e., � Oð�Þ], a first-order

Taylor expansion provides additional insight

Re xðqÞ½ � ¼
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p
þ cb

m
sin qþOð�2Þ; (38)

Im xðqÞ½ � ¼ ka sin q

m
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p � cg
2m

þOð�2Þ; (39)

where A0ðqÞ ¼ ð1=mÞ½kg þ 2kð1� cos qÞ�.
These results reveal a remarkable decoupling of the two

nonreciprocal effects at leading order. The imaginary part of

the frequency, which governs temporal growth or decay, is

determined entirely by the nonreciprocal stiffness parameter

a and matches the expression for lattice with nonreciprocal

stiffness and onsite damping. The real part, on the other

hand, acquires an asymmetric contribution from the nonre-

ciprocal damper b, inducing a direction-dependent offset in

frequency without altering the system’s gain or loss charac-

teristics. This enables independent tuning of wave amplifica-

tion and oscillation frequency through parameters a and b,
respectively.

Figures 11(b) and 11(c) present the real and imaginary

parts, respectively, of the complex dispersion relation, xðqÞ,
for a fixed stiffness asymmetry (a ¼ 0:1) to investigate the

influence of the parameter b. Although the imaginary part,

Im½xðqÞ�, is nearly identical to the case where b ¼ 0, the real

part, Re½xðqÞ�, becomes asymmetric for nonzerovalues of b.
This behavior is detailed further in the parametric maps

shown in Figs. 11(d) and 11(e). The group velocity map

[Fig. 11(d)] exhibits a strong asymmetry in sign and magni-

tude that is tunable by b. In contrast, the growth rate map

[Fig. 11(e)] confirms that Im½xðqÞ� is largely insensitive to

b. The inherent asymmetry in the growth rate with respect

to the wavenumber q is, therefore, preserved as it is gov-

erned by the nonreciprocal stiffness a.
We present finite-chain simulations in Fig. 12 to investi-

gate the interplay between nonreciprocal stiffness and nonre-

ciprocal damping. The simulations are performed for two

contrasting cases of the damping parameter, b ¼ �0:2 and

b ¼ þ0:2, whereas the stiffness asymmetry is held constant

at a ¼ 0:1. As in Secs. II and III, the system is excited by a

Gaussian-modulated initial displacement at its center.

The results reveal that the sign of b provides a mechanism

to control wave dynamics. Figures 12(a) and 12(b) show that

the forward-propagating wave is amplified in both cases, a

characteristic governed by the nonreciprocal stiffness a.
However, switching the sign of b alters the group velocity of

the wave packet. This is explicitly confirmed by the velocity

time series at downstream sites (n ¼ 130 and n ¼ 160) in

Figs. 12(c) and 12(d), which depict that the wave packet for

b ¼ �0:2 arrives at a given site faster than the wave packet

for b ¼ þ0:2. This is consistent with the evolution of temporal

peak for the forward-propagating amplified wave packet (see

Fig. 15 in the Appendix).

Interestingly, whereas the amplification rate is set by a,
the net amplification at a specific site depends on the group

velocity as well. For b ¼ þ0:2, the wave packet travels

slower, allowing more time for the amplification, resulting

in a larger amplitude at a given location compared to that

for the b ¼ �0:2 case. The net amplification (observed

from the temporal peaks of the Gaussian packets) is, there-

fore, a combined effect of the growth rate (dictated by a)
and propagation time (dictated by b). This is one of the key
results of our work.

Finally, Figs. 12(e) and 12(f) show that the sign of b
also shifts the peak frequency of the amplified wave, along

with a gain in the spectral content. This tunability is further

explored in Fig. 13, which plots the amplified peak fre-

quency as a function of a and b for a forward-propagating

FIG. 11. Wave propagation in a 1D lattice with combined nonreciprocal stiff-

ness and damping. (a) Lattice with unit cell features asymmetric springs

[kf ¼ kð1þ aÞ; kb ¼ kð1� aÞ] and gyroscopic dampers (cf ¼ cb; cb ¼ �cb),
along with onsite stiffness kg and damping cg. (b), (c) Real and imaginary parts

of the complex dispersion relation xðqÞ for b ¼ 0 and b ¼ 0:2 at a fixed a ¼
0:1 are displayed. (d), (e) Parametric maps of the group velocity and temporal

growth/decay rate versus q and b, demonstrating pronounced direction-

dependent transport, are shown. We take c ¼ 7:5 and cg ¼ 0:3. All other
parameters are consistent with previous cases.
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wave. The frequency exhibits a nearly quadratic dependence

on a for a fixed b [Fig. 13(a)], consistent with the higher-

order corrections in Eq. (15). In contrast, Fig. 13(b) demon-

strates that varying b provides an effective route to tune the

wave’s frequency while leaving the amplification rate, gov-

erned by a, nearly unchanged.

In summary, although the amplification rate of waves is

primarily determined by a, the sign and magnitude of b can

be used to tune net amplification (through changing the

group velocity) and the peak frequency of the wave packet.

A. Wave interference through boundary reflection

In a finite system, boundaries are not merely passive

reflectors but can be actively used to manipulate wave proper-

ties. Here, we investigate how boundary reflection can induce

wave interference, providing an additional mechanism for tun-

ing the amplified signal’s frequency content. In this context,

interference arises from the superposition of the primary

forward-propagating wave and the reflected backward-

propagating wave, which acquire distinct oscillation frequen-

cies because of the asymmetric dispersion. We achieve this by

launching a wave packet near one end of the lattice. The

backward-propagating (attenuated) component travels to the

opposite boundary, reflects, and then propagates forward, inter-

fering with the original forward-propagating (amplified) com-

ponent. As we will show, the nonreciprocal damping parameter

b is crucial to controlling this interference. Figure 14 compares

three representative cases: b ¼ 0 (top row), b ¼ �0:2 (middle

row), and b ¼ þ0:2 (bottom row), while keeping the stiffness

asymmetry fixed at a ¼ 0:1.
For the case without gyroscopic damping (b ¼ 0), the

dynamics are governed solely by the stiffness asymmetry a.
The dispersion and ray diagrams [Figs. 14(a) and 14(b)]

show that the forward and backward components originate

from wavenumbers 6q�. On reflection, the backward pulse

conserves its frequency but scatters into a forward mode

with wavenumber þq�. Consequently, the reflected packet

inherits the exact group velocity and growth rate of the pri-

mary forward packet. This identical amplification is evident

in the time-normalized waterfall plot [Fig. 14(c)], where the

relative amplitudes of the two pulses (forward and reflected)

remain constant. Accordingly, the velocity spectrum

[Fig. 14(d)] at the probe site n ¼ 80 exhibits a single peak

centered around x�.
For b ¼ �0:2, the initial wave packet splits into compo-

nents at þq1 and �q1 with distinct frequencies. As depicted in

Fig. 14(e), the backward pulse oscillates at a higher frequency

than the forward pulse fRe½xð�q1Þ� > Re½xðþq1Þ�g. After
reflecting at the boundary, this high-frequency component cou-

ples to a forward mode with positive wavenumber q2.
Crucially, this mode (q2) corresponds to a slower group veloc-

ity and a lower growth rate compared to that for the primary

forward packet (q1). The ray diagram [Fig. 14(f)] illustrates the

resulting divergent trajectories, which prevent the reflected

packet from overlapping with the primary pulse. This is con-

firmed by the waterfall plot [Fig. 14(g)], where the reflected

wave lags behind and its relative amplitude decays.

Consequently, the spectrum at n ¼ 80 [Fig. 14(h)] displays

two peaks: a dominant peak at x1 (primary wave) and a minor

peak at x2 (reflected wave).

Finally, for b ¼ þ0:2, the initial wave packet generates

forward and backward components at þq1 and �q1, but the
dispersion diagram now indicates that the backward pulse

oscillates at a lower frequency fRe½xð�q1Þ� < Re½xðþq1Þ�g

FIG. 12. Finite-lattice simulation illustrating amplification dependence on b
in a system with combined nonreciprocal stiffness and gyroscopic damping.

(a), (b) Space–time plots of normalized displacement for b ¼ 60:2 are dis-

played. (c), (d) Corresponding time-domain velocity responses at n ¼
130; 160 are depicted. The case with b ¼ 0:2 shows a slightly more ampli-

fied wave packet as a result of slower group velocity. (e), (f) Velocity spec-

tra reveal peak frequencies. We take a ¼ 0:1 and keep other parameters the

same as those before.

FIG. 13. Effects of a and b on oscillation frequency and temporal growth at

q ¼ 0:6p. (a) ReðxÞ is plotted as a function of stiffness asymmetry a for

b ¼ �0:2; 0; 0:2. Change in b leads to a significant change in oscillation

frequency for a fixed a. (b) ImðxÞ for the same parameter sweep shows

minimal variation, suggesting that damping asymmetry has a negligible

effect on the temporal growth rate. Solid lines represent analytical results

from the complex dispersion relation, and circular markers indicate numeri-

cally extracted peak frequencies from finite-lattice simulations (see Fig.

12). The inset in (b) confirms close agreement between analytical and

numerical growth rates at a ¼ 0:1.
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[Fig. 14(i)]. On boundary reflection, this lower-frequency pulse

scatters into a forward mode at wavenumber q2, which pos-

sesses a higher group velocity and a larger temporal growth

rate than the primary forward wave at q1. The ray diagram

[Fig. 14(j)] reveals converging trajectories, where the faster

reflected packet catches up to the slower primary packet, facili-

tating spatial overlap. Because the reflected mode grows faster

than the primary forward mode, its relative amplitude strength-

ens more rapidly as the two packets approach each other. This

combined effect of convergence and differential growth is

directly visible in the waterfall plot [Fig. 14(k)], where the

reflected component becomes increasingly dominant in the

overlap region. The resulting frequency spectrum at n ¼ 80

[Fig. 14(l)] exhibits two prominent peaks at x1 and x2.

Notably, the reflected-mode peak (x2) is substantially stronger

here than in the b ¼ �0:2 case as a result of its enhanced

growth rate. Thus, the combination of boundary reflection and

damping asymmetry produces a robust, tunable two-frequency

interference response.

The value of b along with the boundary, thus, acts as a

switch, controlling which frequencies are mixed and their

relative dominance. Therefore, these results demonstrate

that boundaries in nonreciprocal lattices can be observed as

functional elements that enable complex wave-shaping phe-

nomena in addition to wave amplification.

V. CONCLUSION

This work presents a comprehensive framework for

controlling wave propagation in 1D lattices by combining

nonreciprocal stiffness and engineered damping. We first

established that conventional onsite and intersite viscous

damping mechanisms, while modifying the system’s disper-

sion, primarily counteract the gain from nonreciprocal stiff-

ness, thereby offering limited control over wave

propagation. In contrast, by introducing a non-dissipative

gyroscopic damping mechanism, we uncovered our central

result: a robust decoupling of control. This allows the nonre-

ciprocal stiffness (a) to dictate the temporal growth rate,

whereas the gyroscopic damping (b) independently tunes

the wave’s group velocity and oscillation frequency.

This decoupling of temporal gain from wave kinematics

enables novel phenomena. By tuning b, the travel time of a

wave packet through the amplifying medium can be con-

trolled, leading to the key insight that slower-propagating

waves accumulate greater net amplification because of pro-

longed exposure to the gain mechanism. Furthermore, we

demonstrated that boundaries in finite systems can be func-

tionalized to induce wave interference through divergent

and convergent reflected waves. Specifically, the parameter

b governs the efficacy of this interference by acting as a

switch to generate either diverging reflected paths (prevent-

ing interference) or converging paths (facilitating overlap)

with varying growth rates, thereby enabling the selective

mixing and amplification of distinct frequency components.

These behaviors, predicted by our analytical models, were

consistently validated by time-domain simulations.

These findings provide a versatile toolkit for program-

ming wave behavior with significant implications for the

design of active metamaterials. The ability to independently

manage gain, group velocity, and frequency offers a new

paradigm for engineering systems with on-demand

FIG. 14. Boundary-induced interference of forward and backward wave packets at jq�j ¼ 0:6p in a 1D lattice with combined nonreciprocal stiffness and

gyroscopic damping. (a), (e), (i) Complex dispersion relations identify the primary forward (þq�) and backward (�q�) components that are excited by the

initial Gaussian packet alongside the secondary wavenumber q2 that is generated on boundary reflection. (b), (f), (j) Ray diagrams illustrate the kinematic

trajectories of the direct and reflected propagation paths. (c), (g), (k) Time-normalized velocity evolution illustrates the asymmetric amplification and result-

ing interference between incident and reflected packets. Time histories are shown only at selected sites. (d), (h), (l) Velocity spectra are measured at site

n ¼ 80, displaying single or dual frequency peaks depending on the damping parameter b. Key spectral peaks are b ¼ 0, ðq�;x�Þ ¼ ð0:6p; 24:38Þ;
b ¼ �0:2, primary q1 ¼ 0:6p (22.89) and reflected q2 ¼ 0:735p (25.63); b ¼ þ0:2, primary q1 ¼ 0:6p (25.86) and reflected q2 ¼ 0:481p (23.00).
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functionalities, including advanced unidirectional ampli-

fiers, and reconfigurable acoustic and vibration isolators.

Future research could explore experimental realization of

this model, potentially through active electronic circuits or

feedback-controlled mechanical systems. A compelling direc-

tion is the exploration of topological features and bulk-

boundary correspondence in these lattices and their extension

to higher dimensions. Finally, investigating the influence of

disorder, nonlocality (Rosa and Ruzzene, 2020),

and nonlinearity (Veenstra et al., 2024) on these systems

remains a rich area for exploration, promising to uncover

more complex spatiotemporal wave dynamics.
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APPENDIX: WAVE-PACKET EVOLUTION
AND DEFINITIONS OF npeakðtÞAND tpeakðnÞ

We consider wave evolution in a 1D discrete lattice

whose dynamics are governed by a complex dispersion

relation, as introduced in the main text. When a wave

packet propagates through such a system, each of its

Fourier components not only propagates according to its

phase velocity but also undergoes spectral amplification or

attenuation depending on its wavenumber. Consequently,

the traveling wave packet requires careful characteriza-

tion. In particular, the apparent motion of the packet

can be interpreted either through the propagation of its

spatial maximum, npeakðtÞ, or through the arrival time

of its temporal maximum at a fixed site, tpeakðnÞ. The

distinction between the trajectories of these two parame-

ters in the spatiotemporal map characterizes the non-

Hermitian nature of the system compared to its Hermitian

counterparts.

To quantitatively distinguish these behaviors, we use

the discrete Fourier representation. We define the complex

displacement field (analytic signal) unðtÞ, such that the phys-

ical displacement is Re½unðtÞ�. The time evolution of a

packet centered initially at n0 in a lattice of N particles is

given by

unðtÞ ¼
XN�1

m¼0

~uðqmÞ eiðqmðn�n0Þ�xðqmÞtÞ; (A1)

where ~uðqmÞ is the spectral amplitude, and the admissible

wavenumbers are qm ¼ 2pm=N for m ¼ 0; 1;…;N � 1.

We consider a packet with a narrow bandwidth centered

at a carrier wavenumber q�. We can write the spectral

amplitude as

~uðqmÞ ¼ ~Aðqm � q�Þ � ~AðkmÞ; (A2)

where km ¼ qm � q�. We expand the dispersion relation

xðq� þ kmÞ in a Taylor series around km ¼ 0, truncating at

the first order such that

xðq� þ kmÞ � xðq�Þ þ dx
dq

			
q�
km: (A3)

This approximation is valid provided that higher-order

terms, such as group velocity dispersion (x00), remain negli-

gible over the propagation time scale.

In the case of a complex dispersion relation, we define

the components explicitly as

xðq�Þ ¼ xRðq�Þ þ ixIðq�Þ; (A4)

dx
dq

			
q�
¼ x0

Rðq�Þ þ ix0
Iðq�Þ: (A5)

Here, xRðq�Þ and xIðq�Þ denote the oscillation frequency

and temporal growth (or decay) rate, respectively. Similarly,

x0
Rðq�Þ represents the standard (real) group velocity,

whereas x0
Iðq�Þ is its imaginary counterpart.

Substituting the expansion (A3) into Eq. (A1) yields

unðtÞ�
XN�1

m¼0

~AðkmÞei ðq�þkmÞðn�n0Þ�ðxðq�Þþx0ðq�ÞkmÞt½ �

¼ ei q
�ðn�n0Þ�xðq�Þt½ �XN�1

m¼0

~AðkmÞeikm ðn�n0Þ�x0ðq�Þt½ �: (A6)

The evolution of the wave packet is governed by two

distinct factors. First, the global phase factor describes the

carrier wave

eiðq
�ðn�n0Þ�xðq�ÞtÞ ¼ exIðq�Þt|fflfflffl{zfflfflffl}

Growth=decay

eiðq
�ðn�n0Þ�xRðq�ÞtÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
Oscillation

: (A7)

This term dictates the propagation of the fast-oscillating car-

rier with phase velocity vp ¼ xRðq�Þ=q� and a uniform

exponential growth or decay of the entire packet.
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Second, the summation term governs the evolution of

the packet’s envelope

Iðn; tÞ ¼
XN�1

m¼0

~AðkmÞ eEðkmÞ; (A8)

where the exponent EðkmÞ is given by
EðkmÞ ¼ ikmððn� n0Þ � x0ðq�ÞtÞ: (A9)

Separating the real and imaginary parts of the group velocity

x0, we obtain

EðkmÞ ¼ ikmððn� n0Þ � x0
Rðq�ÞtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Envelope translation

þ km x0
Iðq�Þt|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Spectral skewness

: (A10)

The first term is responsible for the rigid translation of the

envelope at the real group velocity x0
Rðq�Þ. The second

term, being real, acts as a km-dependent amplification factor.

For x0
I > 0, spectral components with km > 0 are amplified

relative to km < 0, causing a modification of the packet

shape or a shift in the effective carrier wavenumber (spectral

skewness).

1. Gaussian-modulated pulse

We now analyze the specific case used in the main text:

a Gaussian-modulated cosine wave. The initial physical dis-

placement is

unð0Þ ¼ 2C exp �ðn� n0Þ2
2r2n

" #
cosðq0ðn� n0ÞÞ: (A11)

This can be decomposed into a superposition of right- (R) and
left- (L) moving complex packets, unðtÞ ¼ uðRÞn ðtÞ þ uðLÞn ðtÞ.
Focusing on the right-moving component centered at q� ¼ q0,

uðRÞn ð0Þ ¼ C exp �ðn� n0Þ2
2r2n

" #
eiq0ðn�n0Þ: (A12)

The corresponding spectral amplitude ~AðkmÞ is Gaussian,
~AðkmÞ ¼ ~C e�k2m=ð2r2kÞ; (A13)

where the spectral width satisfies rk ¼ 1=rn. Substituting
this into the envelope sum IRðn; tÞ and converting the sum-

mation to an integral (valid in the continuum limit for large

N), we evaluate

IRðn; tÞ �
ð1
�1

e�k2m=2r
2
k eikmððn�n0Þ�x0

RtÞþkmx0
I t dkm: (A14)

Using the standard Gaussian integral solution,Ð
e�ax2þbxdx ¼ ffiffiffiffiffiffiffiffi

p=a
p

eb
2=4a, and retaining only the magni-

tude terms, we find

juðRÞn ðtÞj/exI texp
r2k
2

ðx0
ItÞ2�ððn�n0Þ�x0

RtÞ2
� �� 


: (A15)

Substituting rk ¼ 1=rn leads to the final expression for the

magnitude evolution

juðRÞn ðtÞj / exp xItþ ðx0
ItÞ2

2r2n

 !
exp � ðn� n0Þ � x0

Rt½ �2
2r2n

 !
:

(A16)

Equation (A16) reveals that within the first-order approxima-

tion, the packet retains its Gaussian spatial profile with constant

width rn. However, the amplitude is modulated by the standard

growth rate xI and a correction term dependent on x0
I.

2. Two measures of packet peaks

We now highlight the distinction between two different

definitions of the wave packet’s position.

a. Spatial peak (at fixed t)

At a fixed instant t, the spatial center of the envelope,

npeak, is found by maximizing juðRÞn ðtÞj with respect to n.
This corresponds to maximizing the spatial Gaussian term in

Eq. (A16), which occurs when the argument vanishes such

that

ðn� n0Þ � x0
Rðq0Þt ¼ 0 ) npeakðtÞ ¼ n0 þ x0

Rðq0Þ t:
(A17)

This confirms that the spatial envelope propagates at the real

group velocity vg ¼ x0
Rðq0Þ, which is unaffected by the

gain/loss mechanisms.

b. Temporal peak (at fixed n)

Alternatively, an observer at a fixed lattice site n

records the time history juðRÞn ðtÞj and identifies the time tpeak
when the signal is maximal. Maximizing the logarithm of

the magnitude GðtÞ ¼ ln juðRÞn ðtÞj gives

GðtÞ ¼ xItþ ðx0
IÞ2

2r2n
t2 � ððn� n0Þ � x0

RtÞ2
2r2n

: (A18)

Setting dG=dt ¼ 0 yields the condition

xI þ ðx0
IÞ2

r2n
tpeak � ððn� n0Þ �x0

RtpeakÞð�x0
RÞ

r2n
¼ 0: (A19)

Multiplying by r2n and solving for tpeak,

tpeakðnÞ ¼ x0
Rðn� n0Þ þ xIr2n
ðx0

RÞ2 � ðx0
IÞ2

: (A20)

This expression differs significantly from the standard

definition. Only in the conservative limit (xI ¼ 0;x0
I ¼ 0)

do we recover the familiar relation tpeak ¼ ðn� n0Þ=x0
R.

Furthermore, assuming that the imaginary component

of the group velocity is small (x0
I � x0

R), Eq. (A20) can be

approximated as
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tpeakðnÞ � n� n0
x0

R
þ xIr2n
ðx0

RÞ2
: (A21)

This result implies that the temporal peak travels with the stan-

dard inverse group velocity (the slope dt=dn), but its arrival

time is shifted by an intercept term tint ¼ xIr2n=ðx0
RÞ2. This

delay (or advance) is determined by the interplay between

the temporal growth rate (xI), real group velocity (x0
R), and

the packet width (rn), a signature of non-Hermitian wave

dynamics.

3. Example: Spatial and temporal peak trajectories
in a lattice with nonreciprocal stiffness
and gyroscopic damping

The expressions derived above allow us to interpret the

spatial and temporal peak trajectories in a lattice containing

nonreciprocal stiffness and gyroscopic damping. Equation

(A21) reveals that the temporal trajectory tpeakðnÞ consists of a
standard kinematic term that is proportional to the inverse

group velocity and a non-Hermitian temporal intercept tint.
This intercept depends linearly on the temporal growth rate xI

and inversely on the square of the real group velocity x0
R.

Using the first-order dispersion approximations from

the main text, the real group velocity is given by

x0
RðqÞ � k sin q

m
ffiffiffiffiffiffiffiffiffiffiffi
A0ðqÞ

p þ cb
m

cos q: (A22)

Substituting this and the expression for xIðqÞ [Eq. (39)] into
the intercept definition [Eq. (A21)] yields

tint /

ka sinðq�Þ
m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
A0ðq�Þ

p � cg
2m

 !

k sinðq�Þ
m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
A0ðq�Þ

p þ cb
m

cosðq�Þ
 !2

: (A23)

This relation makes the parameter dependencies transparent.

The numerator is determined by the competition between

the gain from nonreciprocal stiffness (a) and the loss from

onsite damping (cg). For the parameters used in this work,

the gain term dominates, ensuring that the numerator

remains positive for forward propagation (þq�) and negative
for backward propagation (�q�), which is consistent with

the sign of the growth rate xIðq�Þ. The denominator, how-

ever, depends on the real group velocity, which is explicitly

tuned by the gyroscopic damping b. Consequently, whereas
a sets the sign and baseline existence of the intercept, b
modulates its magnitude through the group velocity.

These analytical trends are confirmed in Fig. 15, in which

Figs. 15(a) and 15(b) show that changing the sign of b alters

the slopes of npeakðtÞ and tpeakðnÞ, respectively, which is con-

sistent with the modification of x0
R in Eq. (A22). Figures 15(c)

and 15(d) provide enlarged views of the intercept region,

highlighting the rescaling of the both temporal intercepts and

slopes, as predicted by Eq. (A23). For fixed a ¼ 0:1 and q� ¼

0:6p (where cos q� < 0), a positive b reduces the group veloc-

ity, whereas a negative b increases the group velocity.

Specifically, the velocities follow the ordering

x0ðb¼�0:2Þ
R > x0ðb¼0Þ

R > x0ðb¼þ0:2Þ
R . Because the temporal inter-

cept is inversely proportional to ðx0
RÞ2, the slower wave

(b ¼ þ0:2) exhibits a larger intercept magnitude, whereas the

faster wave (b ¼ �0:2) exhibits a smaller intercept. This

matches the visual evidence in Figs. 15(c) and 15(d), where

tintðb ¼ þ0:2Þ > tintðb ¼ �0:2Þ. Finally, the spatiotemporal

fields in Figs. 15(e) and 15(f) exhibit the corresponding asym-

metric onset of the temporal envelope, confirming the analyti-

cal predictions.

In summary, the roles of the two nonreciprocal mecha-

nisms are distinct but coupled in the temporal domain: (i) a
determines the sign of the temporal intercept (nucleation

timing) through the growth rate xI; (ii) b primarily controls

the propagation speed (slope) but also provides a secondary

modulation of the intercept magnitude through the group

velocity.
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